We demonstrate using direct numerical diagonalization and extrapolation methods that boundary conditions have a profound effect on the bulk properties of a simple Z(N ) model for N ≥ 3 for which the model hamiltonian is non-hermitian. For N = 2 the model reduces to the well known quantum Ising model in a transverse field. For open boundary conditions the Z(N ) model is known to be solved exactly in terms of free parafermions. Once the ends of the open chain are connected by considering the model on a ring, the bulk properties, including the ground-state energy per site, are seen to differ dramatically with increasing N . Other properties, such as the leading finite-size corrections to the ground-state energy, the mass gap exponent and the specific heat exponent, are also seen to be dependent on the boundary conditions. We speculate that this anomalous bulk behaviour is a topological effect.
I. INTRODUCTION
It is well known that non-hermitian systems are expected to behave differently to hermitian systems. This is because non-hermitian hamiltonians describe the dynamics of physical systems that are not conservative. Specifically, hermiticity guarantees that the energy spectrum is real and that time evolution is probability-preserving. Although there are many examples of integrable hermitian hamiltonians, integrable non-hermitian spin chain hamiltonians are relatively rare. An important exception is the class of non-hermitian spin chains whose hamiltonians are PT symmetric, ensuring a real eigenspectrum [1, 2] .
Arguably the simplest of all exactly solved hermitian hamiltonians are those described by free fermions. Indeed, the concept of free fermions plays an all pervasive and enduring role in the description of interacting classical and quantum spin systems. Recently it has become apparent that there is a simple exactly solved non-
which displays the remarkable property of free parafermions [3] [4] [5] [6] [7] , with a complex eigenspectrum. This model is an N -state generalisation of the widely studied (hermitian) quantum Ising chain in a transverse field.
Here σ j and τ j are the usual Z(N ) operators, which in * e-mail:alcaraz@ifsc.usp.br † e-mail:batchelor@cqu.edu.cn matrix form are defined by
where I, σ and τ are each N × N matrices, with σ and τ in position j. Here I is the identity, with σ and τ having components σ m,n = ω m−1 δ m,n , τ m,n = δ m,n+1 (4) with ω = e 2πi/N and τ m,N = δ m,1 . These are the clock and shift matrices satisfying στ = ωτ σ, σ
with σ N = τ N = I. For N = 2 they are the usual Pauli matrices σ z and σ x . The parameter λ plays the role of temperature. Following [8] , for the duality transformation for general Z(N ) quantum chains, it is simple to verify that hamiltonian (1) is self dual, namely H(λ) = λH(1/λ). We then expect, by usual arguments, that the model is critical at the self dual point λ = λ c = 1. This is verified in the open boundary case, where the finite-size gaps are exactly known [7] .
Generalizations of the hamiltonian (1) with the hermitian conjugate term included have been the subject of recent studies [9] , mostly for N = 3, in the context of parafermionic edge modes [10] . The unique property of hamiltonian (1) is that the energy eigenspectrum has the simple form
for any choice of the integers s k = 0, . . . , N − 1. This covers all N L eigenvalues in the spectrum. Just as the fact that the special N = 2 case E/λ = ±ǫ 1 ± ǫ 2 ± · · · ± ǫ L can be taken as the basic property of a free fermion system, the form (6) is the basic property of a free parafermion system. The quasi energy levels ǫ j (j = 1, . . . , L) appearing in (6) are functions of λ. Defining g = 1/λ N/2 , the values ǫ N j are determined by the eigenvalues of the L × L matrices C † C or CC † , where
with
The roots k j , j = 1, . . . , L, satisfy the equation [7] sin(L + 1)k = −g sin Lk.
Using this solution a number of exact results have been derived for this model [7] . Although having a simpler hamiltonian than the free fermionic superintegrable chiral Potts model, the free parafermionic model is seen to share some critical properties with it, namely the specific heat exponent α = 1 − 2/N and the anisotropic correlation length exponents ν = 1 and ν ⊥ = 2/N . Here we consider the more general hamiltonian
where H open (L) is as defined in (1) and a is a real parameter interpolating between periodic boundary conditions (PBC) (a = 1) and anti-periodic boundary conditions (a = −1). Obviously a = 0 recovers the model with open boundary conditions (OBC). The motivation for the present study is to investigate the role of boundary conditions on the properties of the free parafermion Z(N ) model for N ≥ 3 [11] . As discussed for the chiral Potts model from the perspective of conformal field theory [12] , several of the usual properties of hermitian systems, such as insensitivity of bulk thermodynamic quantities to boundary conditions, can fail in the nonhermitian case. As foreshadowed, this note of caution applies even more so for the model under consideration [7] . We report here that the role of boundary conditions is seen to have a profound effect on the bulk properties of the non-hermitian free parafermion Z(N ) hamiltonian.
II. BULK GROUND STATE ENERGY PER SITE
A. Periodic boundary conditions
As remarked above, the Z(N ) model defined in Eq. (10) is solved exactly for general N and finite L for the case of OBC (a = 0). For PBC (a = 1) we resort to numerical diagonalization to calculate the ground-state energy per site e L = E 0 (L)/L for the Z(N ) model for chain sizes L = 2, 3, . . . , L max . For comparison we also consider OBC in the same way. From the energy expression (6) it is evident that the ground-state energy is real for OBC, corresponding to the integers s k = 0 for all k. For PBC, although no similar such exact solution has been obtained for PBC, we observe that the ground-state energy is also real. A proof of this observation, based on symmetries of these quantum chains is still missing.
In the present study, we concentrate on the value λ = 1. The values for the ground-state energy per site are plotted for some fixed chain sizes and different values of N in Fig. 1 . We clearly see that for a given size L, the difference between e L for PBC and OBC increases with N . Moreover, while e L increases with N for OBC, it decreases with N for PBC. Extrapolated estimates for e ∞ are shown in Table I . The extrapolations were performed using van der Broeck-Schwartz extrapolants with ǫ-extension (VBS) [13] . In each case the error indicated is an evaluation taking into account the stability as ǫ is changed in the extrapolation. The estimates for e ∞ are visualized in Fig. 2 , which shows the striking dependence of the bulk ground-state energy per site on the boundary conditions. The known exact result for e ∞ with OBC is given further below in Eq. (13), with e ∞ = −1 in the limit 1/N → 0. Table I .
B. General boundary conditions
In order to further investigate the effect of the boundary conditions, we now consider the general boundary hamiltonian H(L, a) given in Eq. (10) . Here the parameter a interpolates between the open and periodic cases. In Fig. 3 we show the values of e L (a) = E 0 (L, a)/L for the Z(6) model for chain sizes L = 2 − 9. We see in this figure the existence of peaks as a function of the parameter a. As L becomes larger the peaks tend to the position a = 0, i.e., the OBC case, and become sharper as the chain size grows. In Fig. 4 we show the curves of Fig. 3 in a larger scale around a = 0, at which the exact result is known. These figures appear to indicate that, except for the OBC a = 0, all the closed boundaries (10) for the general boundary conditions defined by the parameter a. The VBS-extrapolated results are also shown (the deviations in the extrapolations are subjective). a = 0 have the same value for the ground-state energy per site in the infinite size limit. In Fig. 3 we also show the values obtained from the VBS-extrapolations using the lattice sizes L = 2 − 9. Here the errors shown in the extrapolation are not errors in the strict sense, but rather subjective evaluations taking into account the behavior of the extrapolations.
In order to confirm the abnormal behavior at a = 0 we compute numerically the derivative e
Specifically, we compute the rightderivative The results for this derivative up to L = 9 are shown in Table II for the Z(6) model. These values are shown in a log-log plot in Fig. 5 . We clearly see that the derivatives diverge to −∞ polynomially with L. A fit for the Z(6) model, obtained from the chain sizes L = 6 − 9 (dashed rectangle in Fig. 5 ), gives de L (a)/da| a=0 ≈ −0.00025L 6.25 . The tendency for an infinite derivative can also be seen in Fig. 6 , where we plot the inverse of the derivative as a function of 1/L. Here the tendency is clearly towards the value zero as L → ∞.
C. Leading finite-size corrections
In the open boundary case the leading finite-size corrections to the ground-state energy are known to be given exactly by [7] 
where
and ν = 2/N . The amplitude b N is also known. In the periodic case we would expect the leading behavior to be of the form
with the exponent value γ = 1 + ν. To test this we have evaluated the exponent γ in two distinct ways. Firstly we have made a fit where e ∞ , b and γ are free parameters. Secondly we take the extrapolated values shown in Table I for the ground-state energy per site e ∞ and then perform a fit of the form The derivative deL(a)/da|a=0 with increasing chain size L for the Z(6) model (10) with boundary condition specified by the parameter a. The values obtained by the two procedures are shown in Table III . In columns 2-4 of Table III we show the results obtained for the exponent via the first method, with the results obtained via the second method shown in column 5. We believe that the second method is more reliable since it takes into account the extrapolated values of e ∞ , given in Table I . Taking into account both methods we give the estimate shown in column 6, where the error is an indication of the expected precision (clearly subjective).
We clearly see from the results of Table III that the leading finite-size correction for the ground-state energy is governed by the exponent values γ ≈ 2 for N ≥ 4, which are quite distinct from the corresponding values with OBC, namely γ = 1 + 2/N . For comparison of the methods, we also show, up to two decimal digits, the values obtained in this way for the exponent γ in the OBC case, using the same lattice sizes as in the periodic case. They are in close agreement with the known result.
III. GAP EXPONENT
The excitation energies above the ground-state, and consequently the energy gaps of the parafermionic models have complex values, irrespective of whether the boundary conditions are open or periodic. Although some energy levels are real, those with lowest real part are complex. In this section we consider the gap with lowest real part. The model (10) has a Z(N ) symmetry, due to the commutation relation
The ground-state belongs to the Z(N ) charge P = 0, with the first gap to the sector of charge P = 1. The correlation length exponent ν can be estimated from the leading finite-size behavior of the first gap, with
where A is a constant. We consider the finite-size estimator for the exponent ν defined by
In Table IV we show the results obtained from VBSextrapolants of the data for ν L,L+1 . We show in the third column the results with our subjective evaluation of the errors. We also show in this table the results obtained for the exponents for OBC, using the same chain sizes. In the last column we show the known exact results for (14). The PBC values γ(extr) are obtained using the extrapolated values for e∞ in Eq. (15) . The second last column shows the estimated values for the PBC finite-size correction exponent γ taking into account both methods. Also shown for comparison is the exponent γopen obtained by using the same lattice sizes in the extrapolation. OBC. We clearly see that the values of the gap exponent ν are quite distinct for PBC vs OBC. It seems that the exponent for the periodic case is close to (if not exactly) the value ν = 1, in distinction to OBC where ν = 2/N . To illustrate this difference we show in Fig. 8 the extrapolated results for PBC together with the exact results for OBC.
IV. SPECIFIC HEAT EXPONENT
We calculate in this section the specific heat of the Z(N ) model with PBC at the critical point λ = λ c = 1. This quantity is given by
At the critical point we should expect the leading finitesize behavior
where A is a constant. In the case of OBC, α = 1 − 2/N and ν = 1 [7] . In the periodic case the finite-size values of (20) are given in Table V for the Z(N ) model with N = 3, 5, 6, 7 and 8. Surprisingly, we see that the data saturates as L increases with a clear indication that the specific heat exponent α = 0 for the periodic case, as for the N = 2 Ising model. Actually the results we have obtained show that the periodic case, at least for N > 4 exhibits a similar behavior as the standard Ising model. This fact should be explored further in subsequent studies.
V. SUMMARY AND DISCUSSION
The bulk properties of the Z(N ) model defined by the non-hermitian hamiltonian (10) have been demonstrated here to exhibit a striking dependence on boundary conditions. For illustrative purposes we have focussed on the critical point λ = 1. For N = 2, the widely studied hermitian quantum Ising chain in a transverse field, the bulk properties are well known to be independent of the boundary conditions. As can be seen clearly in Fig. 2 , the difference between the values obtained for the bulk ground-state energy per site e ∞ with OBC (a = 0) and PBC (a = 1) increases with increasing N for N ≥ 3. As a function of the boundary condition parameter a, the bulk ground-state energy per site is a singular point at a = 0, as can be seen for the Z(6) model in Fig. 3 and Fig. 4 . We observed the divergence of the derivative with respect to the parameter a at a = 0. This is precisely the open boundary case. The finite-size corrections to the bulk ground-state energy per site are also dependent on the boundary conditions. We found that for PBC the leading finite-size correction to the bulk ground-state energy is of the form (14) governed by the exponent values γ ≈ 2 for N ≥ 4, which are distinct from the corresponding exactly known values for OBC, namely γ = 1 + 2/N .
The first mass gap exponent has also been numerically estimated for PBC, with values for all N close to the Ising N = 2 value ν = 1. This result is again strikingly different to the known value ν = 2/N for OBC, recall Fig. 8 . Moreover, the analysis of the specific heat in Section IV indicates that for PBC the values of the specific heat exponent α are also suggestive, at least for N > 4, of the Ising model value α = 0. The fact that for the periodic case, for large N , the exponent γ in (15) is close to 2 suggests we have a relativistic energy-momentum dispersion relation, and possibly an underlying conformal invariance in the bulk limit. Since for large N the exponents ν ≈ 1 and α ≈ 0, the natural possibility would be the Ising universality class with central charge c = 1/2. In order to test this possibility we have calculated the mass gaps with lowest real part in the eigensectors labeled by the momentum 2πp/L (p = 0, 1, . . . , N − 1) and Z(N ) charges (Q = 0, . . . , N − 1) of the Z(8) quantum chain with L = 10. Exploring the well known consequences of conformal invariance, the mass gap amplitudes of finite lattices give us predictions for the conformal dimensions in clear contradiction with the expected results of an Ising conformal field theory.
At this stage we can only begin to speculate on the reasons for why the boundary conditions have such a profound effect on the bulk properties of this simple Z(N ) model. Systems for which the boundary conditions affect the finite-size corrections are usual, normally producing an additional surface term of O(1/L) in the energy. There also exist systems where the mass gap and critical behavior may change or even vanish under change of boundary conditions. An example is the non-hermitian hamiltonian associated with the time-evolution operator of the asymmetric exclusion process where the open problem is gapped (the hamiltonian is related to the XXZ quantum chain in the gapped ferromagnetic regime), but the closed system is gapless and critical (in the KPZ universality class) [14] [15] [16] . However, the ground-state energies (with value zero in this example) are the same for both boundary conditions. Systems for which the bulk energy changes with the boundary conditions are surprising exceptions. A prominent example for twodimensional classical systems is the six-vertex model with domain wall boundary conditions, for which the bulk free energy differs from the well known result obtained using periodic or open boundary conditions [17] . For the model under consideration here it took some time for us to be fully convinced by our numerical results. For the periodic Z(N ) model at λ = 1 the ground-state energy per site decreases with increasing N , in contrast to the open case where it increases. The ordinary Z(N ) hermitian quantum chains like the Potts or the Z(N ) parafermionic models [18] give a bulk ground-state energy which is independent of the boundary conditions and decreases with increasing N [19, 20] . This suggests that the groundstate of the Z(N ) model with open ends is constrained (probably topologically restricted), but by insertion of a single link connecting both sides of the chain, and thereby changing the lattice topology, the energy of the groundstate is decreased enormously (by O(L)). Conversely, the physics of the Z(N ) model defined on a ring changes drastically by cutting a single link. In this sense it is the Z(N ) model with OBC which is the exceptional case.
Here we can also throw into the mix the fact that the Z(N ) model with OBC is described by the physics of free parafermions. The free parafermion description works perfectly for this model when subject to OBC, but there is of course no guarantee of a solution in terms of free parafermions for PBC. The underlying reason may thus again be topological and related to the ordering of the parafermionic operators.
